Abstract. Let X be a smooth projective variety which is defined over a number field. Beilinson and Bloch have defined under suitable asssumptions height pairings between Chow groups of homologically trivial cycles on X. Beilinson has also formulated a hard Lefschetz and a Hodge index conjecture for these Chow groups. We show that the restriction of the height pairing to cycles algebraically equivalent to zero can be computed via Abel-Jacobi maps in terms of the Néron-Tate height pairing on the higher Picard varieties of X. This description is used in the case where X is an abelian variety to prove a consequence of Beilinson conjectures. Namely, we prove a hard Lefschetz and a Hodge index theorem for the groups of cycles algebraically equivalent to zero modulo incidence equivalence.
Introduction. Let X K be a smooth projective variety of dimension d defined over the number field K. Beilinson and Bloch have defined under suitable assumptions height pairings
between the Chow groups of homologically trivial cycles ( [Be] , [Bl] ). Beilinson has also conjectured analogues of Grothendieck's standard conjectures for the Chow groups of homologically trivial cycles. Namely, these groups should satisfy a hard Lefschetz theorem and an analogue of the Hodge index theorem should hold for the pairing (1). We denote by A p (X K ) Q the subgroup of CH p (X K ) 0 Q consisting of cycles which become algebraically equivalent to zero over an algebraic closure K of K. The restricted pairing
is well-defined under the assumption that X K has a regular model which is projective and flat over the ring of integers in K. The higher Picard varieties Pic p (X K ) are abelian varieties which parametrize cycles algebraically equivalent to zero modulo incidence equivalence on X K . Using the Abel-Jacobi map the pairing (2) can be described in terms of the Néron-Tate pairing on the higher Picard varieties. A similiar description in terms of the Néron-Tate pairing on the algebraic part of the intermediate Jacobians was indicated by Beilinson in [Be] , 4.0.8. We denote by B p (X K ) Q the quotient of A p (X K ) Q by the subgroup of cycles which become incidence equivalent to zero over K. Conjecturally, B p (X K ) Q equals A p (X K ) Q .
Let A K be an abelian variety which has a regular model which is projective and flat over the ring of integers in K. Beilinson's conjectures predict a hard Lefschetz and a Hodge index theorem for the groups A p (A K ) Q . The aim of this note is to show that these theorems hold for the subquotients B p (A K ) Q of CH p (A K ) 0 Q . The hard Lefschetz theorem for B p (A K ) Q is derived from a hard Lefschetz theorem for Chow motives of abelian varieties. One only has to show that n-multiplication on A K induces (n 2p 1 )-multiplication on Pic p (A K ). We use the description of (2) in terms of the Néron-Tate pairing on the higher Picard varieties to prove the Hodge index theorem. The crucial point is to show that the Fourier transform-an algebraic correspondence which induces the Hodge--operator in singular cohomology-induces a polarization of Pic p (A K ). The higher Picard varieties are closely related to intermediate Jacobians. The positivity of the Hodge--operator implies that the Fourier transform defines a polarization of Weil's intermediate Jacobians. In this way, we derive our Hodge index theorem for the groups B p (A K ) Q from the positivity of the Néron-Tate pairing and the positivity of the Hodge--operator.
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Preliminaries.
For an abelian group G, we set G Q = G Z Q. Let X be a scheme. We denote by CH p (X) (resp. CH p (X)) the Chow group of dimension (resp. codimension) p cycles on X. Let k be a field. A variety over k is a separated scheme of finite type over k which is geometrically integral. We denote the category of smooth projective varieties over k by V k . Let X and Y be varieties in
where p X and p Y are the obvious projection maps. The group A p (X) is by definition the subgroup of CH p (X) consisting of cycle classes which become algebraically equivalent to zero over an algebraic closure k of k ( [Fu] , chapter 10.3).
Let A be an abelian variety defined over an algebraic closure Q of Q. We denote the dual abelian variety by A _ . The Néron-Tate pairing
is defined in [Né] . It yields a positive definite bilinear form (x, y) 
3. Arithmetic intersection theory. We recall some basic facts from arithmetic intersection theory as developped by Gillet and Soulé in [GS1] , [GS2] . The arithmetic intersection product is defined for regular arithmetic varieties. However, regular schemes are not stable under products and base extensions. This yields problems when we deal with correspondences. We use the cap products defined in [GS2] to avoid them.
An arithmetic variety is by definition a scheme X which is projective and flat over Spec( Z), and has a smooth generic fiber X Q . Let X be an arithmetic variety.
Complex conjugation defines an involution F 1 : X( C) ! X( C) on the complex manifold X( C). We denote by A p,p (X R ) the space of real valued differential forms on X( C) which are of type (p, p) and satisfy 
We set
and
The natural maps
The arithmetic Chow homology groups are covariant for proper maps between arithmetic varieties, which restrict to smooth maps in the generic fiber. They are contravariant (with a shift of the degree) for local complete intersection (l.c.i.) morphisms and for flat maps, which are generically smooth.
We obtain the arithmetic Chow groups d CH p (X) if we grade by codimension instead of dimension. They have properties analogous to those stated above for the Chow homology groups. We have d
Let Y be a regular arithmetic variety. The arithmetic intersection product,
with Y regular, there is also a cap product
following properties of the cap product are easily derived from its definition and theorem 3 in [GS2] , 2.3. Given morphisms g: X ! U and h: W ! X between arithmetic varieties with U regular and h smooth in the generic fibre, x 2 d
, and 2 e A (X R ), we have
The construction of the cap product in [GS2] , 2.3 also yields a product
for the usual Chow groups which is compatible with the map .
Arithmetic intersection pairings. Let X be an arithmetic variety. We define

CH(X)
Let h be a Kähler metric on X( C) which is invariant under F 1 . The pair X = (X, h) is called an Arakelov variety. The Arakelov Chow group CH p (X) (resp. CH p (X)) of X is by definition the inverse image of the subgroup of harmonic forms in A p,p (X R ) (resp. A p 1,p 1 (X R )) under the map !. It fits into an exact sequence
It is important to note that every lift of an element in CH p (X) 0 to CH p (X) is contained in the kernel of !.
Let f : X ! Y be a morphism of arithmetic varieties, with Y regular. The arithmetic degree map
we get a pairing
Observing (9) and (10), we obtain a well defined pairing
which does not depend on the choice of the Kähler metrics on X( C) and Y( C). If X = Y is regular and equidimensional of absolute dimension d + 1, then (12) becomes the pairing
which was already introduced in [GS1] , 4.2.10, 4.3.1. The pairing (13) We assume furthermore that X and W are flat projective S-schemes. Given a correspondence 2 CH (X S W) Q , the transposed correspondence t and itself induce maps hy,(
Proof. We choose Kähler metrics on the complex manifolds associated with X, Y, W, V and X S W. We use a bar to denote a preimage of an element from a Chow group in the corresponding Arakelov Chow group. (4) and (10)
(by (4) and (10)) Our claim follows with (6) by symmetry. 
where 
.4).
A model for X K is by definition an arithmetic variety X which is projective and flat over S = Spec(O K ) together with an isomorphism identifying X K with the fiber of X over Spec(K). We must make the following assumption in order to apply the theory of the preceding section.
Assumption 5.1. The variety X K has a regular model X over S. 
We obtain a pairing 
The Lefschetz operator L: (i) The operator
6. The height pairing on curves. Let C K be a curve of positive genus in V K which is geometrically irreducible. After a finite extension of the ground field K, we may assume that C K has a regular semi-stable model C over S = Spec(O K ). This model satisfies
This follows from [Hr] , theorem 1.3, and is also shown in [Fa] , theorem 4, [MB] , 6.14.1. Hence we get a well-defined pairing
It has been shown independently by Faltings and Hriljac that this pairing has a description in terms of the Néron-Tate pairing on the Jacobian of the curve. Let K be an algebraic closure of K and Jac(C K ) the Jacobian of C K . The latter carries a canonical polarization C : Jac(C K ) ! Jac(C K ) _ ( [MB] , 2.6.4, [Mi] , 6.11).
We denote by 1 the Abel-Jacobi map
Proof. [MB] , theorem 6.15, [Fa] , theorem 4, or [Hr] theorem 3.1.
Observe that the theorem describes (20) completely as we have
A 1 (C K ) Q = CH 1 (C K ) 0 Q .
Higher Picard varieties.
In this section, we recall the theory of higher Picard varieties as developped by H. Saito building on ideas of Grothendieck and Liebermann. All the results in this section can be found in [S] . Therefore, we give no further references in the text. Let k be an algebraically closed field and
Definition 7.1. Let A be an abelian variety over k and
is induced from a morphism of varieties.
(ii) h is called a Picard homomorphism if there exists a variety T in V k and a correspondence 2 CH d+1 p (X k T) such that A is a subvariety of the Picard 
commutes. This yields a canonical map 
The map p X is an isogeny which is independent of the choice of the Poincaré
For a curve C, we have k 1 C = 1 and 1 C = mult( 1) C where C is the canonical polarization of the Jacobian of C. The second equality can be derived from [Mi] , 6.11, or [MB] , 2.7.9.
Height pairing between algebraically trivial cycles.
The height pairing between cycles algebraically equivalent to zero has a description in terms of the Néron-Tate pairing on the higher Picard varieties. Let X K be a variety in V K which has a regular model X over S.
According to (19), we may write z = (z 0 ) for some z 0 2 CH 1 fin (C) ?
where p: X S 0 ! X. This element satisfies (x 0 ) = x. It remains to show that it is
Hence there is a well-defined pairing A p (X K ) A d+1 p (X K ) ! R which has the following description. Q . As in the proof of 8.1, we get
This proves our theorem.
A polarization of the higher Picard variety of an abelian variety.
We consider a g-dimensional abelian variety A defined over a field k. Let : A ! A _ be a polarization of A. We choose a Poincaré bundle P on A k A _ and define
In the following, we assume that k is an algebraically closed field of characteristic zero. The correspondence D p induces a morphism
THEOREM 9.1. The morphism Λ p defines a polarization of Pic p (A).
We are going to derive this result in Section 11 from the corresponding statement for Weil's intermediate Jacobian. 
The complex tori J p (X) and J d+1 p (X) are dual to each other in the following sense. The pairing 
which is defined and discussed in [L] . A cycle is called Abel-Jacobi equivalent to zero if it is contained in the kernel of Φ p . given by cycles algebraically equivalent to zero modulo incidence equivalence. Let K be an algebraic closure of K. The group I p (X K ) of cycle classes incidence equivalent to zero on X K was defined in Section 7. We define
Let A K be an abelian variety of dimension g defined over K which has a regular model over S = Spec(O K ). The height pairing induces a pairing
We fix an embedding of K into C. Observe that our considerations in Section 11 show that B p (A K ) Q is the quotient of A p (A K ) Q by the subspace of cycles which are Abel-Jacobi equivalent to zero. Beilinson and Bloch conjecture ([Be] , 5.6)
Part (i) of the following theorem was shown by Lieberman over the complex numbers ( [L] , 7.2).
THEOREM 12.1. Let L be an ample line bundle on A K and 2p g + 1.
(i) The operator
Proof. Our first observation is mult(n) j H 2p 1 (A C ,R) = n 2p 1 id for n 2 Z .
This yields the same formula for mult(n) on J p (A C ) instead of H 2p 1 (A C , R).
The inclusions
are compatible with n-multiplication. Hence, we get mult(n) j B p (A K ) Q = n 2p 1 id for n 2 Z .
As a consequence, we see that the Lefschetz operator associated with L 2 acts like the Lefschetz operator associated with L mult( 1) L on B p (A K ) Q . Therefore, we may assume that L is symmetric. Under this assumption, statement (i) follows from [Ku] , theorem 5.2 as the functors B p () Q factor through Chow motives. We will need Theorem 9.1 in order to show (ii). The positivity of the Néron-Tate height implies in combination with Theorem 8.2
for all nonzero x 2 B p (A K ) Q . This implies our claim as we have
for every x 2 B p (X K ) Q which satisfies L d+2 2p = 0 by [Ku] , theorem 6.2.
Remark 12.2. Using nearly the same arguments as above, we can prove the last theorem for an arbitrary variety X K in V K under the following assumptions:
(i) Grothendieck's conjecture of Lefschetz type in [Gr] holds for X K ,
(ii) the intersection product in CH (X K ) 0 Q is zero ( [Be] , conjecture 5.7), and (iii) the Künneth components i induce the zero map on B p (X K ) Q for all i 6 = 2p 1.
The first assumption implies that the Künneth components i of the diagonal are algebraic. The i are invariant under the action of the absolute Galois group of K.
They are idempotents in the ring of correspondences from X K to itself formed by cycles modulo homological equivalence with rational coefficients. Assumption
(ii) assures that the i act on CH (X K ) 0 Q and B (X K ) Q .
Remark. After writing this paper, I learned from unpublished notes of J. Murre that he also has related the height pairing to Saito's higher Picard varieties. In his notes, dated from 1986, Murre uses the right-hand side of (23) to define a height pairing between cycles algebraically equivalent to zero.
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